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Theoretical Treatment on the Hydrostatic Stability of Ships
(Part 2:) Stable Attitude in an Inclined State

Tsutomu HORI T and Manami HORI ft

Summary

In this paper, a theoretical treatment on the hydrostatic stability of ships is presented. As the
simplest hull form, a columnar ship with rectangular cross-section, which is made of homogeneous

squared timber with arbitrary breadth and material, is chosen.

In the Part 2 of this theme, the stable attitude in an inclined state of the ship, which is not stable in
the upright state with horizontal deck, is analyzed by means of ship's hydrostatics. By doing so, the
dependence of the inclined attitude on the breadth and material of the ship will be clarified.

Keywords : Hydrostatic Stability, Columnar Ship, Rectangular Cross-Section,
Arbitrary Breadth and Material, Stable Attitude, Inclined State

1. Introduction

In the previous paper® as a typical example problem@-® related to the hydrostatic stability of ships,
we solved the condition under which the ship floats stably in the upright state with horizontal deck, in
terms of the positional relationship among the center of buoyancy, center of gravity and metacenter. At
that time, the target hull form is a columnar ship with a rectangular cross-section, which is made of

homogeneous squared timber with arbitrary breadth and material.

On the other hand, if the above conditions are not satisfied, under what inclined attitude does the ship
float ? is also of interest from a mechanical point of view. Igarashi et al. of the National Defense Academy
of Japan have elucidated this problem in detail based on geometrical considerations concerning the center
of buoyancy and the center of gravity for the squared timber with square® and rectangular® cross-

sections.

In this 2rd paper, as an extension of the previous 15t paper®, we describe a theoretical treatment for
solving the stable attitude of a columnar ship with a rectangular cross-section in an inclined state. The
one of the authors gave an solution for the inclined attitude and published it in the journal® “ NAVIGATION”

of Japan Institute of Navigation at 2021.

We summarize the above solutions consistently and introduce them in this paper.
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2. Material @ and Breadth £ as Setting Variables

In this paper, @ and S are defined as the setting variable, as in the previous paper . «
(hereinafter called the material) is the ratio of the specific weight y, of the columnar ship (t in the
subscript is the initial letter of timber) to that y,, of water (W in the subscript is the initial letter of water),
and B (hereinafter called the breadth) is the aspect ratio of the breadth Sh to the depth h of the cross-

section as follows :

Offﬁ (where, 0<a<1)

ZW dih L[ (1)
ﬂELt:ﬂ— (where, B>0)

depth h

Here, when y,, is fresh water, « represents the specific gravity of the columnar ship.

3. Stable Conditions in the Upright State
for a Columnar Ship with Rectangular Cross-Section

In the previous paper®, the condition for stable floating in the upright state with deck horizontal can

be written as the relation between « and g in Eq.(1) as follows :
,82—6a (L=@) > 0 covererent i 2)

Hence, it was explained that the above condition can be divided into the following cases® :

@ Stable conditions for breadth g with fixed material «

£ > «/ 6a(l-a)

6 ...................................... (3)
e.g. a=%—> £ >=£2'=.1.225

@ Stable conditions for material « with fixed breadth g
6
1) Inthe caseof g> £2 for wide breadth,

the floating body is always stable regardless of material « .

6
ii) Inthecaseof f< £2 for narrow breadth,

it is then stable in both lighter and heavier materials than wood with « = ry as shown below :
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O<acx< %— x (Light Material )

%+K <a <1 (Heavy Material )

4. Stable Attitude for an Inclined Columnar Ship
with Rectangular Cross-Section

In this chapter, we will try to find out what kind of inclined state is stable when the stable condition

in the upright state described in the previous chapter is not satisfied. For this purpose, let’s analyze the
inclined attitude, i.e. the heel angle, of the columnar ship.

As shown in Fig. 1, we shall assume that a columnar ship of length L with a rectangular cross-section
of depth h and breadth gh, which is made of homogeneous material and of squared timber of specific

weight y,, floats stably in a lateral inclined state of heel angle 6 to the starboard side from an upright
state.

.||||<

.||||<

—htana
2

Zf:(acos¢9+§sina)h

Fig.1 The columnar ship, with rectangular cross-section of length L,

floating stably in a lateral inclined state.
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First, in order to determine the draft, we need to find the cross-sectional area A, under the water

surface at lateral inclination.

Since its underwater shape is a trapezoid with height gh, the lengths of its upper and lower bases

Ah

can be calculated by taking into account the increase or decrease Ttan 0 of the port and starboard

submerged lengths with respect to the draft d in the upright state. So, the underwater area A,

is obtained as follows :

R Ll Ah :
A, = 2{(d > tan@)+(d + 5 tane)} ph

= BRA e (5)

Here, the above result is equal to the area of the rectangle, which is the underwater shape in the

upright state.

The weight W and the buoyant force F; of this columnar ship can be obtained as follows, respectively :

W =y Ve=y-ph-h-L
FB: J/WVW: 7/WAWL: 7/w'ﬂhd'|-

Here, the weight W of the former is obtained as the product of the specific weight y; and the total
volume V, of the columnar ship. And the buoyant force F; of the latter is obtained as the product of the
specific weight y,, of water and the displacement volume V, of underwater portion, according to
Archimedes' principle. Then V,, is obtained by the product of the cross-sectional area A, in Eq. (5)
and the ship’s length L.

The floating body is stable under the following conditions where the weight W and buoyancy F, are in
equilibrium.

W = AR R AR R LR (7)

Substituting W and F; in Eq. (6) into both sides of the above, we obtain as :

7/t',3h'h'|—:7/w'ﬂh'd'|— .................................................. (8)

By solving the above equation, the undetermined draft d in the upright state can be determined as «
times the depth h of the ship, as follows :

dzﬁh:ah ............................................................. )

Vw

In this paper, to simplify the problem, it is assumed that the deck, i.e. upper side of a rectangular
cross-section, is in the air and the bottom, i.e. lower side of a rectangle, is in the water over the entire
breadth even when the ship is laterally inclined, as shown in Fig.1. That is, we will discuss the case in

which the cross-sectional shape under the water surface is trapezoidal, as calculated in Eq. (5).
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The above assumptions would impose the following conditions, where the increase or decrease
Bh

~——tanéd of submerged length due to the lateral inclination does not exceed the freeboard h—d or the

draft d in the upright state, while divided into two cases around « :% .
1
h—d=(01-a)h ( for Heavy Material of « 2?)
. . 1
d=eah ( for Light Material of « < ?)

Therefore, the heel angle 6 is limited to small inclination within the following range.

tan™ (Mj ( for Heavy Material of o > %)
0 S ----------------------- (11)
tan™ (Z—aJ ( for Light Material of « < %)

For example, it means the following setting range.

=1, a=—
p 2

> tand <1 .~.es%

The position of the center of buoyancy B (775, ¢5) in the inclined state by heel angle 6 is obtained by
Hori®~ as the center of hydrostatic pressure. As shown in Fig. 1, in the inclined coordinate system,
which is fixed to the ship and has its origin at the center of the ship's bottom, the position (775, ;) is
calculated as follows (M.(10,(1) when the draft and half-breadth of the ship in upright state are f and b,

respectively.
b 2
= tan @
s 3f
f N R (13)
=—+ tan’ @
SCIPIY

This result is consistent with the result of Eq. (A-5) described in the Appendix A-1 of the above Hori’s
papers (0., In the Appendix, the centroid of the trapezoid, which is the cross-sectional shape under
the water surface at lateral inclination, is calculated geometrically from the areal moment. Therefore,

it can be seen that Eq. (13) coincides with the well-known center of buoyancy certainly.

Here, in order to conform to the notation of this paper, f and b in Eq. (13) are replaced as follows

respectively.
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Thereby, 77, and ¢z can be written as follows :

Bitano
L
T~ o, )
; _oah  ptan’o
B 24

Next, the center of gravity of the ship is located at the centroid of the rectangular cross-section (i.e.,

at the center of the figure), even after inclining, since homogeneous materials are assumed. Therefore,
. . h N .
using the fact that the sum of {; and ¢ is equal to PR ¢ in Fig. 1 can be obtained as follows :

h
gG:?_gB
_l-a pitan’ 6
2 24

_ _ 2 2
_Ra(-a)-pinte -
24

h

In order for the ship to float while maintaining the inclined state shown in Fig. 1, the center of
buoyancy B and the center of gravity G must first be located on the same vertical line. Therefore, the

following relationship is required between 17; and {; .

7o _tang
P (17)
SoMg=¢gtand
Here, by using Egs. (15) and (16) for 7, and ¢, the following relationship is obtained.
ﬁztan2¢9=2{6a(l—a)—ﬁ2} .............................................. (18)

The tangent of the inclined attitude 6 for a given material ¢ and breadth g is then obtained by the

following equation.

\/2 {Ga(l—a)—ﬂz}
B

When the interior of the radical symbol of the right-hand side of the above equation is positive, there

tang =

exists a solution for the heel angle §. This result coincides with Eqgs. (1-h) and (4-f) of Igarashi et al.®.
This requires that the interior of the braces in the numerator of the above equation take positive values,

as follows :

60[(1_0[)_52 N R R (20)

The inequality above is the inverse condition in which the inequality sign is opposite to the stable
condition in the upright state in Eq. (2) of Chapter 3, and the validity of the analysis in this chapter can

be confirmed.
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Finally, it is necessary to examine whether the above-mentioned inclined attitude is stable or not.

For this purpose, let's consider determining the location of the metacenter M, meaning the center of

inclination.

The metacentric radius BM can be calculated by using the basic formula 1204 of naval

architecture as follows :

2 (21)

Here, |, is the quadratic moment about the center line of water plane, and V,, is the underwater
volume of a ship.

I ;. in the numerator of the above formula can be calculated as follows, since the water plane at

e h
inclination is a rectangle of length L and breadth s .
CcOos
3
1( pgh
[ e e [ R R R R R R R IR I 29
¢12 [ cos&j 22)

And the denominator V,, can be obtained by using d in Eq.(9) for A, in Eq.(5) and as follows :
Vi, = A L= Shd-L= @Bh2L  ceeeeernmmeeetiii i (23)

By using the obtained results | and V,, into Eq.(21), BM can be determined independently of the

length L of the columnar ship as follows :

1( . YL

— 12 2

BM = COS62’ = ﬁ 5 [ I I I R I I IR (24)
apfh<L 12¢ cos® @

BG in the inclined state is then obtained below by using the trigonometric ratio with 7, in Eq. (15),
as shown in Fig. 1.

B Ur: _ ﬁz _ RBM 2
BG = - = N=BM COS @ ++ctcceeeeeecccecesnnnnseccscccnnnnnns (25)
sin@ 12 ¢ cos@

Thereby, the metacentric height GM can be determined by subtracting Eq. (25) from Eq. (24), as
follows :

GM = BM -BG
_ B?*(1-cos?0) he £%sin? 6
12 cos® 6 12 cos® 6
= BM SIN2@ S (0 covvrvvreeoenannaeeeeennaneeeeennnnseeeeannnneeessess (26)

From this result, the metacenter M is always located above the center of gravity G, since GM takes
a positive value regardless of the heel angle 0, material @ and breadth . Therefore, it can be seen that
the inclined attitude 6 determined by Eq. (19) is constantly a stable state. However, it is necessary to

check that the calculated 6 is within the assumed small heel angle in Eq. (11).
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For example, in the states £ and a below, the heel angle 6, BG and GM are calculated as follows
by Egs. (19), (25), and (26).

1 V4
=1, a==— > 0="
p 2 4
................................................. 27
M =BG = 2h ()
6

This state corresponds to the case where the diagonal line of the square cross-section is aligned with
the water line, and the heel angle 6 is also within the setting range of Eq.(12). And BG and GM also

coincide with the results described in examples of many textbooks@15).(16),a7,

In addition, Fig. 1 shows the following states, and the inclined attitude 0 and the positions of B, G and

M are also drawn accurately.

a=04, f=11 > 0 =3L7°
2 GM =0.1130, BG = 0.296N b vrevrniiii i (28)
Z,=0629h

Here, Z, in the above Eq. (28) is the water depth at the starboard side of the ship's bottom, and is

calculated by the following equation.

Z, =(d +ﬁz—htan6’)cos¢9

:(acose+§5|n9)h ................................................. (29)

5. Calculation Results for the Stable Inclined Attitude @

In this chapter, the dependence of the stable attitude 6 at lateral inclined state on the breadth £ and

material & of the columnar ship is grasped.

Fig. 2 shows the dependence of the above on breadth £ when « is a fixed, and Fig. 3 shows that on
material @ when £ is a fixed. The results in both figures are obtained by calculating the heel angle 8 in

Eq. (19) using an Excel spreadsheet.

Since 8 =0 means that the ship floats with its deck horizontal and is the limit point at which the
inequality sign in Eq. (2) becomes an equality sign, a and g satisfy the following relationship at that
point.

'32_ B (L—@) = 0 sveveeneeen i (30)

Thereby the intersection with £ -axis in Fig. 2 is obtained by Eq. (3), and that with « - axis in Fig. 3 is
obtained by Eq. (4), replacing the inequality sign in both equations by an equality sign.
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In both Figs.2 and 3 above, the heel angles 0 of materials @« and 1— « are obtained equally, as can
be seen from the factors in the radical symbol of Eq.(19). The angle 8 becomes smaller as breadth
becomes wider. And 6 is largest for materials with « =0.5 such as wood, and is smaller as a becomes

heavier or lighter than that.

The reason why the point is not plotted in the case of <1 for ¢ =0.5, £<1.06 for & =0.4,0.6 and
£ <1.04 for « =0.3, 0.7 in Fig. 2 is because the heel angle 8 exceeds the range of the small inclination in
Eq.(11).

For the same reason, we have placed points for the three states of £ =1.10,1.15,1.20 in Fig. 3, because
in the case of breadth £ >1.06, the heel angle 6 is within the range of the small inclined state in Eq.(11)

over the entire range of material « .

Igarashi et al. ®:© provide a detailed analysis of all inclined state, including cases of large heel angles
(where part of the deck is immersed in the water or part of the ship's bottom rises into the air), which
cannot be calculated in this paper. And they have perfectly elucidated the dependence on a and g by
organizing all cases in maps and tables and verifying them experimentally, so we encourage to read their

paper for anyone interested.

0 (deg)
50 :
s —— o =().5 0 de
P ——— a=0.4,06 » (deg) —_— f=1.10
Ry a=03,0.7 [ ---- B=115

//——\\ — p=120

30 | < DN 30 | g e
. \ \\\\ 5 ”’— N\\\
K S L ” N
20 20 , N,
[ [ / /’ \\\ \
| \ N\ N RV ERNRR
10 } \ 10 |

\
v
\
]
L]
]

s - . . . . il Ja
1.00 1.05 1.10 1.15 1.20 1.25 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Fig.2 The dependence of the stable Fig.3 The dependence of the stable
inclined attitude 8 on breadth . inclined attitude 8 on material « .

Fig. 4 illustrates the attitudes of the four states when the material is fixed at « =0.5 and the breadth
£=1.0, 11, 1.2 and 1.3, including the positions of B, G and M. It can be seen how the heel angle 8
decreases as the breadth [ increases.

Fig. 5 shows the five attitudes for material o =0.25, 0.3, 0.5, 0.7 and 0.75, with the breadth fixed at
L= 1.06. It can be found that the heel angle & decreases symmetrically around « = 0.5 even if the

draft increases or decreases as the material @ becomes heavier or lighter than that.
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..||||<]

6=45.0° 0=34.7° 6=16.1° 6=0.0°

Fig.4 The four attitudes for breadth £ = 1.0, 1.1, 1.2, 1.3 with the material fixed at « = 0.5.

-|I||<l

=
L)

6=2.9° 6=26.2°

Fig.5 The five attitudes for material & = 0.25, 0.3, 0.5, 0.7, 0.75 with the breadth fixed at § = 1.06.

6. Verificational Experiment

Fig. 6 compares the model experiment (left) and the calculation results (right) for the case of material
a =0.458 and breadth f=1.15.

The model of the columnar ship is length L=30cm, depth h=10.0cm, breadth gh =11.5cm, and weight
W=18.09N. Two pieces of chemical wood were pasted together in the center at the top and bottom, and
the model was manufactured by Space Model Co., Ltd. in Nagasaki, Japan.

experiment was conducted by floating its model in a small water tank.

The verificational

The inclined attitude was @ =27.5° in the experiment and the calculated results are as follows by
Egs. (19), (25), (26) and (29).

0 = 26.7° (a=0.458, B=1.15)

GM =0.068h, BG = 0.269h
Z,=0.668h
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We consider that the reason why there is a difference of about 1° between the two is that the heel
angle 6 in the experiment was obtained by measuring tan @ from photographs and that the center of
gravity position G may be slightly off-center due to the manufacturing process of the model. Therefore

we are able to verify that the theory in this paper can correctly calculate the actual inclined state.

.|||| q
.|||| q

Fig.6 The Comparison of experimental (left) and calculated (right) results
for material o = 0.458, breadth 4 =1.15.

7. Afterword

In this paper, as an applied example which is an extension of the previous paper®, a theoretical
treatment for solving the stable attitude of a columnar ship with a rectangular cross-section in a lateral
inclined state is explained in an easy-to-understand manner, in which the inclined states are limited to
a small heel angle (where the deck is not submerged and the ship’s bottom is not floated), in order to

understand the stability theory of ships.

The authors would be very happy if this paper could be of assistance to teachers and students who will
teach and learn this field in the future, going one step forward from the basic examples in the previous

paper®,
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In this paper, a theoretical treatment on the hydrostatic stability of ships is presented. As the
simplest hull form, a celumnar ship with rectangular cross-section, which is made of homogeneous
squared timber with arbitrary breadth and material, is chosen.

in the Part 2 of this theme, the stable attitude in an inclined state of the ship, which is not stabie
in the upright stafe with horizontal deck, is analyzed by means of ship's hydrostatics. By doing so,
the dependence of the inclined attitude on the breadth and material of the ship will be clarified.
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